ABSTRACT. The Hecke algebra C q [W] of a Coxter group W, associated to parameter q, can be completed to a von Neumann algebra N q (W). We study such algebras in case where W is right-angled. We determine the range of q for which N q (W) is a factor, i.e. has trivial center. Moreover, in case of nontrivial center, we prove a result allowing to decompose N q (W) into a finite direct sum of factors.
INTRODUCTION
For q > 0 the Hecke algebra C q [W] of a Coxeter group W is a deformation of the group algebra of W, consisting of finitely supported functions on W with a modified product, yielding the ordinary group algebra for q = 1. In case where q is an integer, the Hecke algebra has a nice geometric interpretation. Recall that a building of type W can be thought of as a space endowed with a W-valued metric [1, Chapter 5] . If it is locally finite, i.e. for every w there are finitely many points y at distance w from a fixed point x, then for every w ∈ W we may consider an operator A w on the space of finitely supported functions on the building, which averages the functions over spheres of radius w. If all spheres of radius s, where s is any of the standard generators of W, have cardinality q, the operators A w generate an algebra isomorphic to C q [W] [7] . For q = 1 the averages are taken over 1-element sets, and are in fact translations, so one indeed gets the group algebra.
The Hecke algebra has a natural action on the Hilbert space of square-integrable functions on W, obtained by extending its action on itself by left multiplication. It therefore completes to a von Neumann algebra-the Hecke-von Neumann algebra N q (W). Its importance stems from the theory of weighted L 2 -cohomology of Coxeter groups [4] , where the cohomology spaces are modules over N q (W).
A generalization of the Singer Conjecture [4, Conjecture 14.7] deals with vanishing of certain weighted cohomology spaces of W. The motivation for this work was to try to approach this problem using the central decomposition of N q (W) to better understand the structure of these spaces. As it turns out, although the centers of N q (W) can be nontrivial, they contribute nothing new in the subject of decomposing the weighted cohomology of W; the decompositions described in [4, Theorem 11.1] are finer than those induced by the central decomposition of N q (W).
Although our results are not fit for the applications we initially had in mind, they are interesting in their own right. Namely, we show that the Hecke-von Neumann algebras of irreducible right-angled Coxeter groups are factors, up to a 1-dimensional direct summand. The main result of the paper reads as follows.
Main Theorem (Theorem 5.3) . Suppose that (W, S) is an irreducible right-angled Coxeter system with |S| ≥ 3. Then the Hecke-von Neumann algebra N q (W) is a factor if and only if
where ρ is the convergence radius of W(t), the spherical growth series of W. Moreover, for q outside this interval, N q (W) is a direct sum of a factor and C.
Since taking centers commutes with tensor products, and the Hecke-von Neumann algebra N q (W) of an arbitrary right-angled Coxeter group W is the tensor product of the Hecke-von Neumann algebras of irreducible factors of W, the central decomposition of N q (W) follows in the general case.
The paper is divided into two parts. The first part consists of Sections 2 and 3, and is purely group-theoretic. Section 2 introduces the basic notions related to Coxeter groups, and in Section 3 we analyze certain double cosets in a right-angled Coxeter group, and use them to define the graph Γ(W, S), whose connectivity is related to restrictions satisfied by elements of the center of N q (W). We show that for irreducible W, this graph consists of a single connected component and at most two isolated vertices. The remaining two sections constitute the analytic part. In Section 4 we define the Hecke-von Neumann algebras as algebras of operators on the Hilbert space 2 (W), the symbols of its elements in 2 (W), and the isomorphism j, which allows us to restrict to the case where q ≤ 1. Section 5 puts the graph Γ(W, S) to work, and characterizes the symbols of elements in the center of N q (W) for irreducible W. It turns out that, depending on q, the potential symbol of a non-trivial element in the center has either infinite 2 -norm, or defines a multiple of a unique one-dimensional projection. This gives the two cases of the Main Theorem. Finally, in Section 6 we describe how our results are related to the paper [5] of Dykema, dealing with free products of certain von Neumann algebras.
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COXETER GROUPS
A group W generated by a finite set S, subject to the presentation 
is called the spherical growth series of W. Its radius of convergence will be denoted by ρ. If W is infinite, then ρ ≤ 1. Since the coefficients of W(t) are non-negative real numbers, the series diverges at t = ρ. The map w → (−1) |w| is a group homomorphism, and hence |sw| = |w| ± 1 and |ws| = |w| ± 1 for w ∈ W and s ∈ S. Among all groups generated by elements of order 2, Coxeter groups are characterized by the following equivalent conditions [3, Theorems 3.2.16 and 3.3.4]. Theorem 2.1. Let (W, S) be a Coxeter system, w ∈ W, and s, s 1 , . . . , s n , t ∈ S.
Deletion condition: If w = s 1 · · · s n is not a reduced word then there exist 1 ≤ i < j ≤ n such that w = s 1 · · ·ŝ i · · ·ŝ j · · · s n . Exchange condition: If w = s 1 · · · s n is a reduced expression and sw is not, then sw = s 1 · · ·ŝ i · · · s n for some i; a similar statement holds with ws in place of sw. Folding condition: If sw and wt are reduced words, then either swt = w or swt is reduced.
A special case of a Coxeter system is a right-angled Coxeter system, in which the exponents m(s, t) for s = t are either 2 or ∞. They interpolate between the free and direct products of copies of Z 2 . From now on, we will assume that (W, S) is rightangled. Its odd Coxeter diagram has no edges, and thus conjugate generators are equal. This has consequences for the Deletion condition (and the Exchange condition, which is a special case of the Deletion condition). If we have a cancellation of the form usvtw = uvw with u, v, w ∈ W and s, t ∈ S, then v −1 sv = t, so s = t and v commutes with s. By the next lemma, this means that S(v) ⊆ C(r), where C(r) is the set of all generators commuting with r. We will frequently use the following lemma, describing centralizers of generators of a right-angled Coxeter group. Lemma 2.2. In a right-angled Coxeter system (W, S) the centralizer of a generator r ∈ S is the special subgroup W C(r) .
Proof. The main theorem of [2] gives the description of the centralizer of a generator r ∈ S in an arbitrary Coxeter group as a semidirect product W T F, where W T is a special subgroup, and F is the fundamental group of the connected component of the odd Coxeter diagram of W containing r. The odd Coxeter diagram of a right-angled Coxeter group has no edges, so the centralizer is just W T . Clearly, T = C(r).
THE GRAPH Γ(W, S)
Let (W, S) be an infinite irreducible right-angled Coxeter system, and let s, t ∈ S satisfy m(s, t) = ∞. Denote by D the special subgroup of W generated by s and t. It is isomorphic to Z 2 * Z 2 . Reduced expressions for elements of D are just alternating words in s and t, and in particular they are unique.
To any w ∈ W there corresponds a double coset of D, defined as DwD = {dwd :
, it contains a unique element w 0 of minimal length, such that any u ∈ DwD can be written as
We will call the double coset DwD non-degenerate if its shortest element w 0 does not centralize D, i.e. it does not commute with either s or t. We are ready to define the main tool of this paper, the graph Γ(W, S). The vertex set of Γ(W, S) is W, and for w ∈ W and s ∈ S there are edges joining w to both ws and sw, provided that there exists t ∈ S such that m(s, t) = ∞ and the double coset DwD of D = s, t is non-degenerate. In Section 4 we will show that each edge in this graph corresponds to a restraint on the symbol of an operator in the center of the Heckevon Neumann algebra. Now we will study connectivity of Γ(W, S). We will show that under some mild assumptions it consists of an isolated vertex 1 and a single connected component. For w ∈ W its right and left descent sets are defined as
The right (resp. left) descent set of w is the set of all letters in which a reduced expression can end (resp. begin). By the discussion above, the generators in D R (w) pairwise commute, and thus if W is infinite, the descent sets are proper subsets of
Indeed, if the intersection is nonempty, v and w have reduced expressions v and w, respectively ending and starting with the same generator, which cancels out in their concatenation. If on the other hand a cancellation of a pair of generators occurs in vw, then the subword of vw lying between the innermost pair of canceling generators is reduced, and all its letters commute with the deleted generator, so in fact it can be moved to the end and lies in both D R (v) and D L (w). Yet another useful observation is the following. Suppose that |ws| > |w| for some w ∈ W and s ∈ S. In this case, we have
since the set on the right is contained in D R (ws), and if t ∈ D R (ws) \ {s}, then t commutes with s and lies in D R (w).
Lemma 3.1. Suppose that (W, S) is an irreducible infinite right-angled Coxeter system, and let v, w ∈ W. Then there exists u ∈ W such that |vuw| = |v| + |u| + |w|.
and therefore
since otherwise we would find a generator commuting with all the others, which contradicts irreducibility. Hence, we can use
As before, we conclude that |v k+1 | = |v k | + 1 and
, and |v n | = |v| + n. We may now apply the first case with v n in place of v to obtain the conclusion. Proof. Let v, w ∈ W satisfy S(v) = S(w) = S. Denote their reduced expressions by v and w. By Lemma 3.1 there exists u ∈ W with reduced expression u such that vuw is reduced. Let uw = s 1 · · · s n with s i ∈ S, and define v i = vs 1 · · · s i . We have S(v i ) = S, and by irreducibility, there exists a generator t ∈ S not commuting with s i+1 . Moreover, for D = s i+1 , t the double coset Dv i D is non-degenerate. Indeed, its shortest element contains all generators from S \ {s i+1 , t} = ∅, and by irreducibility they can not all commute with D. Thus v i and v i+1 are connected by an edge in Γ(W, S). The same holds for the analogous path from w to vuw. Therefore v and w lie in the same component.
Lemma 3.3.
Suppose that (W, S) is an irreducible infinite right-angled Coxeter system, w ∈ W \ {1} and S(w) = S. Then either (1) W ∼ = Z 2 * Z k 2 and w is the generator of the Z 2 free factor, or (2) there exists s ∈ S \ S(w) such that w is connected by an edge in Γ(W, S) with ws and sw.
Proof. Suppose that situation (1) does not hold. We need to find s ∈ S \ S(w) and t ∈ S \ {s} such that D = s, t is infinite and the double coset DwD is nondegenerate. We will consider three cases. Case 1. The subgroup generated by S \ S(w) is infinite. We may thus find s, t ∈ S \ S(w) generating infinite D. Since s, t ∈ S(w), the shortest element in DwD is w. Assume that for all choices of s and t the double coset DwD is degenerate, so that both s and t commute with all generators in S(w).
Denote by T the subset of S \ S(w) consisting of all generators not commuting with all of S \ S(w). It is nonempty since S \ S(w) is infinite. By assumption, every s ∈ T commutes with S(w), and, by definition of T, with S \ (S(w) ∪ T).
This gives a decomposition of S into two non-empty commuting subsets T and S \ T, which contradicts irreducibility of (W, S).
Case 2. S(w) generates an infinite subgroup of W. It follows that there exist non-commuting s, r ∈ S(w). If we can find t ∈ S \ S(w) such that D = s, t is infinite, then the double coset DwD is non-degenerate. Indeed, its shortest element w 0 is obtained from w by canceling some occurrences of s and t, and we still have r ∈ S(w 0 ). Thus, s does not commute with w 0 .
But if each s ∈ S(w) which does not commute with all of S(w), commutes with S \ S(w), we get a contradiction similar to the one in Case 1.
Case 3. Both S \ S(w) and S(w) consist of pairwise commuting generators.
If N(s) contains at least two distinct elements r, t, then for D = s, t the shortest element of DwD contains the generator r, and does not commute with s, so DwD is non-degenerate. If N(s) is empty, then s commutes with all other generators, which contradicts irreducibility. What remains is the case where for all s ∈ S \ S(w) we have N(s) = { f (s)} for some function f : S \ S(w) → S(w). But for any s ∈ S(w) all generators in the set {s} ∪ f −1 (s) commute with its complement. This contradicts irreducibility, provided that S(w) = {s}, which is excluded by assuming that the situation (1) from the statement of the Lemma does not hold. Proof. We already know by Lemma 3.2 that all elements w ∈ W with S(w) = S lie in the same connected component of Γ(W, S). It remains to show that for w as required in the statement with S(w) = S we may find a path in Γ(W, S) from w to some element v with S(v) = S. But this can be done by inductively applying Lemma 3.3.
HECKE-VON NEUMANN ALGEBRAS
Let (W, S) be a Coxeter system, and let q be a positive real number. By [3, Proposition 19.1.1] there exists a unique * -algebra C q [W] with basis {T w : w ∈ W}, such that for any s ∈ S and w ∈ W
It is called the Hecke algebra of W associated to q. It satisfies also the analogue of the first of formulas (4.1) with the order of s and w reversed.
If q is an integer, this algebra can be interpreted as an algebra generated by averaging operators on a certain space of functions associated to a regular building of type (W, S) and thickness q (for details consult [7] ). When q = 1, we get the group algebra of W.
Denote T w = q −|w|/2T w . These normalized elements satisfy for all s ∈ S and w ∈ W the identity
The map j : is N r q and vice versa. The main object of study in this paper is the center of the Hecke-von Neumann algebra N q (W).
As in the case of the group von Neumann algebra, to any element T ∈ N q (W) we may associate its symbol Tδ 1 ∈ 2 (W). If the symbol of T is 0, then we have (4.5)
Tδ w = TT r w δ 1 = T r w Tδ 1 = 0, and thus T = 0, so the mapping T → Tδ 1 is injective. If ξ ∈ 2 (W) is a symbol of an operator in N q (W), it will be denoted by T(ξ). The same reasoning applies to N r q (W). In this case the operator with symbol ξ will be dented by T r (ξ).
Recall that there is an isomorphism j :
. Through the natural embedding of C q [W] it extends to an isometry of 2 (W). Therefore, it also extends to an isometric isomorphism of the Hecke-von Neumann algebras N q (W) and N q −1 (W).
DESCRIPTION OF THE CENTER
Let (W, S) be a right-angled Coxeter system. Take q > 0 and let
We may assume that q ≤ 1, since the case of q > 1 can be reduced to the latter using the isomorphism j. Furthermore, we may assume that (W, S) is irreducible. Indeed, if there is a decomposition (W, S) = (W T × W U , T ∪ U), then we have a decomposition of the corresponding Hecke algebra into an algebraic tensor product,
resulting in a tensor product decomposition of the Hecke-von Neumann algebra
By [6, Corollary 11.2.17] the center of a tensor product of von Neumann algebras is the tensor product of their centers, and so the general case can be reduced to the irreducible one. We will begin by describing the conditions satisfied by the symbol of an operator in N q (W) commuting with a single T s . Proof. We start by assuming that T(ξ) commutes with T s . If |sws| = |w| + 2, then |sw| = |ws| = |w| + 1 and we have
Now, assume that for any w ∈ W with |sws| = |w| + 2 conditions (5.4) hold. It suffices to show that T s T(ξ) and T(ξ)T s have the same symbol, i.e. that (5.7)
The group W has a decomposition into a disjoint sum of double cosets s w s , which induces a decomposition of 2 (W) into a direct sum of subspaces invariant under both T s and T r s . Therefore, we just need to check whether equation (5.7) holds for the restriction of ξ to any such double coset.
Let {w, sw, ws, sws} be a double coset of s . It has a unique shortest element, which we assume to be w, and its cardinality is either 4 or 2. In the latter case sw = ws and sws = w. A direct calculation shows that in both cases the restriction of ξ satisfies (5.7). Now, we find the restrictions on the symbol of an operator in N q (W) commuting with two elements T s and T t . Proposition 5.2. Let (W, S) be a right-angled Coxeter system. Suppose that q ≤ 1 and s, t ∈ S satisfy m(s, t) = ∞. Consider an operator T(ξ) ∈ N q (W) which commutes with both T s and T t . Then the restriction of its symbol ξ to any non-degenerate double coset DwD of D = s, t with shortest element w is given by the formula
Proof. There are two kinds of non-degenerate double cosets of D, those in which the shortest element does not commute with both generators of D, and those where it commutes with exactly one of them. We will consider these two cases separately. Fig. 1a . An important observation is that the path length of this graph faithfully reproduces word lengths of elements of DwD, by which we mean that for v ∈ DwD its length is the sum of |w| and the distance between v and w in the graph. In particular, Fig. 1b shows quadruples of elements of DwD for which Lemma 5.1 gives relations on the values of ξ. Every gray square corresponds to a single application of the Lemma to a quadruple v, vr, rv, rvr with v ∈ DwD and r ∈ {s, t}. The arrow is pointing from the shortest element v to the longest one, rvr, and corresponds to the relation
while diagonal lines arising from the relations
are joining elements on which the values of ξ are equal. Now, take some v 0 ∈ DwD in which an arrow starts, and define inductively v i+1 as the element at which the arrow starting in v i ends. Also, let λ i be the value of ξ on the elements joined by the line crossing the arrow from v i to v i+1 . This is illustrated in Fig. 2a . We have, by passing to infinity,
In particular, the value ξ(v 0 ) depends only on the λ k , which imposes new equalities, corresponding to adding to ξ(dwd ) depends only on the distance between dwd and w in the graph, i.e. on |dwd | − |w|. Now, suppose that w commutes with one of the generators of D, say t. The vertices of the graph in Fig. 1a still correspond to elements of DwD, but no longer in a one-to-one manner. However, with the exception of the quarter containing twt (the lower left quarter in Fig. 3 ), the length of elements of the double coset is faithfully reflected by the path length in the graph. Indeed, if a pair of generators in dwd is canceled, one of them has to lie in d, while the other in d . It follows that they must be equal to t, and be adjacent to w.
As in the previous case we obtain a system of relations for values of ξ on DwD, represented in Fig. 3 , only this time distinct vertices may correspond to the same element of DwD, so there are additional equalities not indicated in the diagram. The same reasoning as before leads to the conclusion that ξ(dwd ) depends only on |dwd | − |w|.
We have therefore shown that for a non-degenerate double coset DwD, we have (5.12) ξ(dwd ) = f ( dwd − |w|) for some function f : N → C. By Lemma 5.1, it satisfies the recurrence relation
Its general solution is f (n) = αq n/2 + β(−q) −n/2 . Since q ≤ 1 and ξ ∈ 2 (W), we have β = 0, which ends the proof.
We are now ready to describe the center of the Hecke-von Neumann algebra of an irreducible right-angled Coxeter system with at least 3 generators. For 2 generators we get the group Z 2 * Z 2 , and it suffices to apply Lemma 5.1 to describe the large center of its Hecke-von Neumann algebra. 
where ρ is the convergence radius of W(t), the spherical growth series of W. Moreover, for q outside this interval, N q (W) is a direct sum of a factor and C. If K = W \ {1}, the additional element outside K is a generator s ∈ S. Since |S| ≥ 3 and (W, S) is irreducible, there is another generator t ∈ S not commuting with s, and by Lemma 5.1,
so (5.16) extends to W \ {1}. It follows that ξ is a linear combination of δ 1 and ζ defined by
But the 2 -norm of ζ can be expressed in terms of the growth series of W, namely
This is finite only for q < ρ, so for q ≥ ρ the Hecke-von Neumann algebra N q is a factor.
To finish the proof we will show that for q < ρ, the vector ζ is a symbol of an operator in N q (W) which is proportional to a one-dimensional projection. This has been done in [3, Lemma 19 and therefore for finitely supported ξ = ∑ a w δ w ∈ 2 (W) we obtain
This means that the map ξ → T r (ξ)ζ extends to a bounded operator Q on 2 (W). 
is an orthogonal projection onto the space spanned by ζ.
FINAL REMARKS
Adam Skalski brought to our attention the fact that the results of this article are related to those of [5] , where decompositions of free products of certain von Neumann algebras are studied.
Let (M, φ) be a pair consisting of a von Neumann algebra A and a faithful normal state φ. Furthermore, let {M i } be a family of unital subalgebras of M. A reduced word is then a product x 1 · · · x k where x i ∈ M j(i) and j(i + 1) = j(i) for all i < k. The family {M i } is free if any reduced word 
such that the embedded copies of M i are free and together generate M. For more details on free products consult [8] .
The Hecke-von Neumann algebra N q (W) comes equipped with a faithful normal state φ(T) = Tδ 1 , δ 1 and we will implicitly assume that all Hecke-von Neumann algebras are endowed with this natural state. Also, when considering commutative algebras L ∞ (Ω, µ) for a measure space (Ω, µ), we assume that they are endowed with the integral with respect to µ, which is a state when µ(Ω) = 1.
Lemma 6.1. Suppose that W decomposes into a free product of special subgroups W i . Then N q (W) is the free product of the Hecke-von Neumann algebras N q (W i ) associated to the free factors W i of W.
Proof. It is enough to consider a free product W = U * V. Denote the states on the corresponding Hecke-von Neumann algebras by φ W , φ U , and φ V . Clearly, N q (W) is generated by embedded copies of N q (U) and N q (V), on which φ W restricts to φ U and φ V , respectively. Now, a nontrivial reduced word T = T 1 · · · T k in elements of ker φ U and ker φ V can be approximated by linear combinations of nontrivial reduced words of the form T(w 1 ) · · · T(w k ), where w i are nontrivial elements of U and V. But such a word is equal to T(w 1 · · · w k ), where w 1 · · · w k is a nontrivial reduced word in W, so φ W (T) = 0.
In [5] , among others, the free products of finite-dimensional commutative von Neumann algebras were studied. We may thus apply these results to Hecke-von Neumann algebras of right-angled Coxeter groups which decompose into free products of abelian groups Z k 2 . Let us first study the Hecke-von Neumann algebras of these groups in more detail.
Lemma 6.2.
There exists an isomorphism of the Hecke-von Neumann algebra N q (Z k 2 ) and the commutative algebra L ∞ (Z k 2 , µ k ), where
⊗k , so it is enough to consider the group Z 2 . Commutativity is clear, and dim N q (Z 2 ) = 2, so we just need to exhibit a decomposition of the unit of N q (Z 2 ) into two projections. A simple calculation shows that this decomposition is
and thus N q (Z 2 ) is isomorphic to C 2 with the state
. Now we will recall Theorem 2.3 and Proposition 2.4 of [5] , reformulated to better suit our usage. For r > 1 by L(F r ) we will denote the interpolated free group factor endowed with its standard state. Also, L(F 1 ) will stand for the group von Neumann algebra L(Z). Thus, we have L(F r ) L(F s ) = L(F r+s ). With these definitions, we have
where s ≥ 1, with n ≥ 2. If we assume that k 1 ≥ 2, we may inductively apply Theorem 6.3 to obtain the description of N q (W) as a direct sum of an interpolated free group factor and a finite-dimensional commutative algebra:
where, using the notation of Lemma 6.2, (6.9) Z = (w 1 , . . . ,
Suppose that q ≥ 1. We have (6.10)
and if at least for one i the inequality |w i | < k i holds, this yields (6.11)
since n ≥ 2. Therefore, depending on whether (6.12)
the set Z is either empty or contains exactly one element (w 1 , . . . , w n ), where w i is the unique longest element of Z k i 2 . Calculating the exponential growth rate of W by considering the spherical growth series of its free factors would lead to exactly the same condition. Hence, Theorem 6.3 allows to find the range of q for which N q (W) is a factor, additionally exhibiting it to be the interpolated free group factor-but only in the case where W is a free product of finite right-angled Coxeter groups. Our result works for arbitrary right-angled Coxeter groups, but gives less information about the structure of the obtained factors.
